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Ecaymyn 6ta 6vvoia

To Kepda1o aVTO ATOTELEL EVA ELGAYWYIKO UEPOC OTLOV TAPO~
aralovtal facikec Evvoieg, aTOLYELd KAl KATLOLL GOUTEPAC UATA
arno 1 yevikn Oewpia avvoiwv, wov Oa ypyoiuorombovy atn

OVVEYELQ.



- 1.1. Opropot — Buoikeg Evvoreg

Muia Baoikn (apyikn) évvola oto. Madnpatikd, auth Tov guvolon, de)OpacTE
ot emttpenetal vo Oewpndel ©g EvVa AVTIKEIMEVO ATOTEAOVHEVO UTO TOAAG
AVTIKELHEVO DLAKEKPLUEVA KOl oa@®S Kabopiopeva. To eTUEPOLE AVTIKELE-
V0L KOAOVVTOL GTOLYELd TOD GLVOLO.

Me aida Aoyia ypnotpomoteitar N A&€n "ovvoro" otav Hempolue pia
GUAAOYN OVTIKELEVOV OTOLOCONTOTE PUOTG OE TENEPUACUEVO 1| ATELPO TAN-
foc, TOL TPOEPYOVTAL O TNV EUTELPLA 1] T1 OLAVOT|OT|, ELVOL SLUKEKPLUEVO KO
KOAO Oplopéva Kat BEAOVLE Va Ta TPOGOLOPIGOLHS WG L0 OVTOTNTA.

-NAKAZ 1.1.  Baoixa avufola
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ovpforiletal (tavtileton)

Ta cOvora cvppoiilovtal cuvnbwg pe kepalatla ypappata, ©.x. A, B, T,
X, Y, K.A%., eV T0 GTOUYELD TOVG UE PIKPA, T.Y. @, B, ¥, X, ¥, K.A®. 'Evag kat’
apyMV GLUPOMGHOGC, e PAcT TOV 0TOl0 SNAMVETAL OTL EVO GTOLYELO TEPLEYETUL
670 GLVOAO, gival avtog Tov "avnkev" (cupforika "e"), Tov onpaivel Ot Eva
QVTIKELUEVO X E1VaL 6TOYEL0 ToL 6LVOAOL X (cupfolikax € X) kat drofaletar:
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X avirer 1o X. AV €vo GTOLYELO X O&V TEPLEYETUL 6TO GLUVOLO X (GupPoiikd
x € X), draPalerar: x dev avirer ato X. Eniong, yia va vrodery el otitax, y, z,...
€LVOL GTOLYELN EVOG GLVOLOL X, Y PNOIHOTOLELTUL O GUUPOAIGHOG

X={x,y,z...} (1.1)

Telog, wa emiong Puctkn oyéon eival avtn g igotptas "=", pécw g
OTOL0G YIVETOL SLAKPLET TV GTOLYEL®V EVOC GLVOLOL PETAED TOVC.

2T GULVEYELD, OEYOUAOTE OTL EMLTPENETOL 1] BE®PNON EVOE GLVOLOL, TOV
Kevov avovoiov (cupufolika ), To omoio dev £xel otoryeia. Emmnieov, opilo-
vtat kanoteg "oyéoetg" petadd cuvormv, ONOG:

H oyéon tov "nepiéyeabar" C: Ta dvo avvola A, B o A
nepieyetal 1o B (aoufolica A C B) i to A eival voatvoio (1.2)
tovB & VxeAd=xeB.

opa.

H ayéon tov "ywoing nepiéyeabar" C: Ty ovs aovola A, B

10 A mepiéyetal yvyoiwg ato B (goufolice = ¢ B) 17 t0 A (1.3)
elval yviaio voavvorotov B & A C Brkar i x € B:x € A.

opa.
H ayéon e "ootnrac" =: INa sio aivola A, Bto A igovtal (1.4)

ue to B (ovuforika A=B) <, A C Bkar B C A.
co

Otoyéoetg "C" kar "C" 1<avE mO10VV T1g EMOUEVES AVTIGTOLYES LOLOTNTEG
yo. Tpia cvora A, B, T

ACA (avtonodng) (1.2 a)
AvA CBkatBCT, t6te A CT (petofotikn) (1.2 B)
AvA CBkaiBCT, t6te A C T (petofotikn) (1.3 a)

Téloc, 10 KevO 6UVOLO (I Bempeital LTOGHVOAO KaBE GLVOLOV.

H oyéon (1.2) tov "nepieyecbar” (C) 0dnyel oty £vvola Tov dvvauoavvo-
200 €vOg (Tuyaiov) cuvorov X (cupPorikd P(X)), mov anoteAeital am’ OAa Ta
LTOGUVOAD TOoL X KOl TOL 0TTOloL PuctKT oyEon elval N tootnta (TpPi. (1.4)).

[Mpogavag to & kot to X glvatl atotyeia Tov duvapocuvorov X, pe aro-
teheopa to P(X) va etvat un kevo cvvoro. Eva atotyeio A € P(X) uropet va
kabopiotel TANpog and pia 1dtotnta I tev otoryel®v Tov, 0noTE YPAPOLLE:

A = {x € X: x wavornotel v Wémra I} (1.5)
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YUVETMG LTLAPYOLY dVO TPOTOL KAHOPLGHOV EVOS GLVOLOL: AL’ AVaLY POONG
TV otoryelov tov (mpPA. (1.1)) N Kol d1a TEPLYPAPTG TOV GTOLYEI®V TOV

(npPL. (1.5)).

210 ovvoro P(X) opilovtat, yio d0o (tuyaic) ototyeila A, B, ot endpeveg
npakelg:
a) "Evwon (ovufold"U)"),AUB:={xeX:x€ AV x€ B}.
B) Towyj (ovupotka"N"), ANB:={xeX:x€ ANx € B}.
y)  diagopa (ovuPoria"—"),A—B:={xeX:x€ ANx ¢ B}.

o) Zvuminpoua (tov A we npoc X, cvufolixa "),
A :=X—-A={xeX:x¢ A}

¢) wlevtico abpoioua (ovupoiiki+), A+ B= (A —B)U (B — A)

(1.6)

X
AUB
!
a) H évoon A UB. B) H toun AN B.
A
QN X X
m
AC
A-B >
v) H dtapopa A — B. ) To cvpninpopa AC.

Zynqpa 1.1: O1 mpaleg twv guvoiwy.

Av X, Y gival 600 un Keva GOVOLO, TO GLUVOAO

XxY:={(x,y):xeXAy€Y} (1.7)

Kegdrawo 1: Egayop) ota Xivola 23



TOV S1aTETAYHEVDV (EVYDV (X, ¥) KaAELTOL KapTEeaiavo yivouevo Tov X kat Y. Mg
TV €vvola dtatetoypueva (evyn €VVOOLUE EKELVO Y10 TO. OTOlA dlaKPiveTaL
TPOTO Kat 8eVTEPO 6TOLYEL0. 10 sLVoAO (1.7) opiletor "tootnta (cupPfoirt-
ko "= n):

(x7y):(a,B)<:>x:a,y:B (18)

0pe.

yo. k@Oe Cevyog (X, y), (o, B) Tov X x Y.

Znueiwon 1.1. £10 Ke@AAAL0 avTO Oe®POVUE TO GUVOAO TMOV TPAYUOTIKOV
apibumv R onwg eyl etoayfel kar peretndel oto Avketo. 'Etot, Hewpovpe

kat’ apynv to cbvoro N:= {1, 2, ..., n, ...} t0V puaikwv apifuwmy Kol 6T
ouvéyeto to obvoha Z :={0, 1, 2, ..., n, ...} = NU {0} tov fetikav axe-
paiov, Z :={...; -n, ..., =2, —1,0} = — 7" 10V apwtikdy akepaioy Kol

Z:=7"U Z" tov akepaiov apifudy. Emmiéov, 10 cbvoro Z emekteivetal
010 obvoro @ := {B :p,q€Z,q# 0} TOV prewy enldumy Kol 6T GLUVEYELN,
q

GT0 GUVOLO TV appntwy apifucmy, Tov €€ 0pLarinl UMOTEAEITAL ATO TOVG [T
pnTovg aptBpovg. To vIePGHVOLO OAMV T3V ZOC N YOLHEVDV 0ptOudV 0pilel TO
ovvoro R tov mpayuaticav apilfuwy. Bz weyvel n oyéon

Nc/ZchrCcR (1.9)

LE AMOTEAEGHO TO GUVOAO R — {2 v »ivat To chvolo TV appitov. Anlad,
av GupPoLicovpe pe Ay TG SHVOAG TV appnTev, T0TE Exovpe Q UA, = R
ko1 Q NA, = .

Emmiéov, yio kabe . 3 R Beopodvtat yvootd to dtecthpata [o, B]:=
={xeR: a<x<pPilun:={xeR: a<x<P}kataviiotoya [o,B): =
={xeR: a<x< P} (0,f:={xeR: a <x <P}.

210 Keahoio 2 yivetat pia o ovotnuatikn perétn (a€liopatikn Oepe-
AMOGN) TOV TPUYLATIKOV ApLOHOV.

Jlocpccderypier 1.1.

To koptesiavo yvopevo R x R gival to cuvoro

RP=RxR:={(x,y):xe RAYy € R}

(1.10)

T0, GTOLYELD TOL OTOLOL AVTIGTOLXOLY 6g onuelad M tov (kapteostovov) entnedov Oxy (PA.

Yynuo 1.2).
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Ya

4,3)

Zynpa 1.2: Kapteoiavo enine o vy, To eninedo R

2

H £vvota Tov KapTESIAVOD YIVOREVHY VEVIKEVETUL E TEPLGCOTEPOLE UTO

dvo mapayovtec. 'Etot, av X, X, .

, Aq ELVAL UM KEVA GUVOAL, KAPTEGLOVO

YIWVOUEVO AUTOV (LE TN GELPO 7o Y2APOVTOL TLO TUV®) E1VAL TO GLVOLO

Hxi:,:_x XXy X ... x X, =

i=1

={(X1,X2,.. ,xa1:X] € X, X3 € Xy, ..., Xy € X} (1.11)
AvX; =X; =... =X, =X, 101€ CNUELOVETAL:
Xh=XxXx...xX (1.12)

ZTNV TEPINTOON TOL (TOLAAYLOTOV) EVOG ATTO TOVE TAPAYOVTES TOL KOPTE-
GLOVOD YLVOUEVOL ELVOL TO KEVO GUVOAO, TOTE MG KUPTEGLAVO YIVOUEVO AUTOV

opiletal 1o KEVO GUVOLO.

Jlapccderypier 1.2.

Av R givatl 10 6Ovoro Tov Tpaypotikmv optuony kot m € N, 101e:

R:=RxRx...xR={(xq,x,..

SXn) X €ER % €R, L x, € R}

(1.13)
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-.3. LYEGELS GUVOLOV

Ocwpobpe X X Y 10 Kaptectavo yvouevo dvo (un kevov) cuvorov X, Y.
KaBe vroouvoro X tov X x Y kaleitor ayéon ano to X ato Y 1 akOun 10 X
opiler pa ayéon ano to X ato Y. Av X =Y, 10 ¥ xakeitot ayéon oto X. To &
UTOPEL VO VAL K0l TO KEVO GUVOLO.

Jlacpccderypier 1.3.

Av X glvat 10 obvorlo TOV TEPITTOV Kot Y TOV 0pTidV TPAYHATIKOV opldumv, To
Y ={(x,y) € X x Y :y elvar duthdorog tov x}, vrosbvoro tov X x Y, opilet pia oyéon anod
10 Xot0Y.

Jlopaderypo 1.4 C

Av X:={y?, y € R} €ivoi 10 6GOVOLO TOV TETPOYGY(EY TOV TPAYHOTIKMY aptOU®dV, T0 LTOGV-
voho ¥ = {(x,y) : y elvat to teTpdy®vo tov X} ton iR v X opilet pa oxgon ano 1o R oto X.

Zoufoiiopoc. T pa oyéon ¥ oo X, va ototyelo (X,y) € ¥ (C X x X)
YPAPETAL ETLONG XXy,

Opiopoc 1.1. Mo ogon X oto X v eAgitar ayéon oatalems (1 oataln) oto X,
av, yia Kabe X,y € X, 163060y L1 STOUEVES 1O1OTNTEG:

XL, v wabex € X (avtomabig) (1.14)
Av xYy ka1 yXx, 101 X =y (OVIIGUUUETPIKA) (1.15)
Av xXy ko1 yXz, 10t xXz  (petafoatikn) (1.16)

'Eva cOvoro X epodtacpevo pe pa otataén 3 (copporika (X, 3) 1 ania
X, av eV LTLAPYEL GVYYLON) KAAELTAL OIATETAYUEVO GUVOLO. Qa

Iapaztnpnan 1.1. Av o oyéon X tov X tkavornotel tig 1610t tes (1.14), (1.16)
Kot Ty
Av xXy, t6t¢ ka1 yXx (GoppeTpicn) (115 o)

y10 ke X,y € X, 101e N ¥ KaAgitat ayéon iodvvauiac Tov X Kot 10 6TOUyEL
X,y € X 1600vvaua.
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Jlapccdetypier 1.5.
210 ouvoro R twv npaypatikmv apibudv Oewpoipe T oyxéon "< " opiopévn o eENc:

x<y<= y—-x>0, x,yeR (1.17)
0pG.
Me drlha Loyia, n oxéon < C R x R anotereital and ta {edyN TOV TPAYUOTIKOV aptOpodv
(X, ¥), OOV 0 BEVTEPOC OPOG ELVAL UEYOADTEPOC TOL TPAOTOL, SNAUIT 1| SLAPOPE TOL BEVTEPOL GO
Tov pmTo £ivor Oetikn. IMapatnpodpe 01t N oyéon "<" wkavornotel tig 1010t1eg (1.14)-(1.16).
'Etot opilet pia Srataén oto R, pe anoteleopa to (R, <) vo eivat Statetaylevo cuvolro.

Jlapccderypier 1.6.

210 duvapootvoro P(X) evog ouvorov X 1 oyéon tov "nepieyectan’ C (npPi. (1.2)) tkavo-
notel T1g 1010t Teg (1.14) - (1.16), 0nwg mpokvntet and ¢ L.2a), (1.2B), (1.30), pe anotéreoua
70 (P(X), C) va elvot S10TeToyHEVO GUVOLO.

Oczopovpe (X, X) d0TETAYHEVO GUVOLS 16 TO OTOLO LOYVEL EXLTAEOV 1
1610t Ta:
Ta kdbe x,y © X = xXyyyXx (1.18)

Tote, X kaheiton ypapucy (n o4 wn) Svataén kot to (X, X) ypagarcd (W olika)
JATETAYHEVO GUVOAO.

Topcderypor 1.7.

a) Toovvoro (R, <)elvat ohikd dlateTayEVo, apov Yo kabe (edyos TpaypaTiKmdy aptOpumy o
EVOG ELVUL TAVTOTE HIKPOTEPOG TOL GAAOV.

B) Toovvokro (P(X),C)deveivat oAka S1ATETAYHEVO, Ao Y10 k(OE (YOG LTOGLVOL®Y TOL
X 10 £v0 dgV E1VAL TOVTOTE LTTOGVVOLO TOL GAAOV.

Av (X,X) elvar datetoypévo ovvoro, opiletar M oviky odidtaln
Y (C X xX)me X, éto1 ©oTE

xY'y <= y¥x, pakdlex,yc X (1.19)
0pa.

H ¥/ ikavorotel tig 1610tnteg (1.14) - (1.16) kat eMTAEOV E1VAL YPOPULKT
av 1 X lval YPOopLpLK.
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Jlapccderyper 1.8.
Y10 (R, <) opiletar n dvikn dataén ">" and m oyxgon

X>y< y<x, vy kabe x,y € R (1.20)
0po.
Ano 1o IMapaderypo 1.7 (o) tpoxdntet 0Ti 1 ">" eivar oAk diatoén tov R.

Opiopog 1.2."Ecto (X, ) dwatetaypévo oovoro kat A C X. To A xakeltat ave
ppayuevo (0vTioT. Kdtw gpayuevo) oto X av yia kabe x € A vrapyet p € X
(avtiot. a € X) €10t mote XL (avtiot. aXx). To A kareitar gpayuévo oto X
av ElVOL VO KOl KOTO QPpoyHEVO 6To X, dnAadn av vrapyovv o, B € X pe
aXxXB, yio kabe x € A. ¥’ &va avo (avTioT. KATom) gpoayuevo cuvoro A 1o X,
10 6TO1YEL0 B (avTioT. o) Tov X KaAeital ave (avIloT. KdTw) ppayiua tov A.

Jlopocderypo 1.9,

To sbvoro N tov uotkev aptbudv gival Kato opeyievo oto (R, <) pe kato epaypa tov
aptiuo 1, eva dev givat avo epaypevo. Ta cbvolrs 7 et Q tov akepalov kot pntov optipdv
avtioTorya 6gv 1val QPayuEVO (Avm Kot KaTt®) <10 [R.

Tivgoddzrypier 1.10.

To avowkto dtaotpa (0,1) ={x € R:0 <2 x < 1} C R elvar avo Kol KaTo @paypevo (dpa
QpoyuEvo) oto R.

Opropog 1.3."Eoto A avo epuypevo cvvoro oto X. Karovpe supremum (i ave
népac) Tov A ato X (Gupforikd supA) 1o HKpOTEPO GO T BVED GPAYLLOTO TOL
A, av vrapyet. Emniéov, av 1o A glval Kato @paypevo oto X, KaAoLpE
infimum (1 kdatw mépag) tov A ato X (cvpPoiikd infA) 1o peyaldtepo anod
T0, KATO QPAYHATE TOL A, 0V VIAPYEL. Q

Jlocpccderypier 1.11.

a) To (0,1]={xeR:0<x <1} eivar gpaypevo cbvoro oto (R, <) pe sup(0, 1] =1 kot
inf(0, 1] = 0. To sup(0, 1] = 1 yopaxtnpiletar amod Tig 1310TNTECS:
) x<sup(0,1], Vx € (0,1] kot
i) Ve>0,3xe(0,1]:x>sup(0, 1] —e.
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Avtictoyeg 1810t teg torbovy yia to inf(0, 1].

B) T 1o obvoro N tov puotkdv apBumy toydet supN = 400 € R kat inf N = 1 oto R
(=RU{—00, +00}) pe +00, —o0 10 kat’ ekdoynv onpeia. To R 6 peletn et 1d11TEPW®G
oto Kepaloto 2.
1
y) T tocbvoro A = {H’ ne N} oyvetsup A = 1 kot inf A = 0 oo R.
0) Ta 1o ovvora Z kot Q woyvet sup Z = +oo, inf Z = —oo, sup Q@ = +oo kot inf @ = —oo
010 R.
INa éva A C X, tasup A, inf A, 0tav vrapyovv (Optopog 1.3) dev elvat,
YeViKa, otolyelo Tov A. Avsup A € A, t01e sup A = max A (:ueyiato atoiyelo
tov A) ko av inf A € A, 10te inf A = min A (:elayiato otoiyeio tov A).
Jlapocderypoc 1.17.
a) Tatoobvodro (0, 1] woydetsup(0,1] = 1 = max(0, 1] nerraf(0,1] =0 ¢ (0, 1] ITapaderypa
1.11 (q)). B
B) T 1o cbvoro N 1oyvet supN = +o00 & F vevinf N =1 =minN oto R (ITopaderypo
111 (B)).
y) Tatoobvoro A tov [Mapadeiypotogl.!t (v)oyvet:supA = 1 = max A,evoinf A =0 ¢ A.
0) T toovvora Z kot Q oybersup 7 = 4+o00 € Z,inf Z = —00 € Z, sup @ = 00 ¢ Q xat

inf@Q = —o0 € Q.

- 1.4. Xvvapriceig

Ot Tipgg pog petapintng tocotntag piokovol cuvnbwg o pia eEaptnon
amo TIC TIHES oG GAANG petoPAinthc. 'Etot, yia mapadetypa, o 0yKog Tov
VEPOU GE Lo, SeEOUEVT] ELVAL GLVAPTNON TOL Y POVOL TOL AVOLEE O KPOLVOG
™G deEapevng, N HETABOAN HLOC UGIKNC TOGOTNTUC EIVAL GLVOPTNGT TOV
YPOVOL oL amatteltal YU avt T peTaPorn (m.y. M TayxLINT Kivntol, 1
EMLTAYLVOT COUATIOION K.AT.), 1] AVILOPUCT EVOC OPYUVIGUOD GE £V QAP
KO €LVOL GLUVAPTNOTN TNG TOCOTNTOG TOL Y OPNYOUHEVOL PUPUAKOL K.AT.

Yta Tponyovpeva Tapadeiypota, ov OeAnocovue va "podnpatikonon-
ocovpe" T1¢ eppavi{opeveg £vvoleg, GUUPBOMLOLUE UE Y TIG TIUEG HLoG HETAPAN-
NG TOGOTNTUG, Ol 0TOlEG EEAPTMVTUL OO TIG TIUES MG OAANG HETAPANTNG
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TOGOTNTUG, £6TM X. Ot VO AVTEG TOCOTNTEG GLVOEOVTAL HETAED TOVG UE EVa
vopo, €6t f. 'Etol n petaPAntn y exkepaletat anod tn X peocm e f, pe anote-
AEGUO VO, YPAUPOVE CUUBOALKAL:

y = f(x) (1.21)

O ovuPoriopog avtog opeiretal otov Euler kol emttpenet n ypnoipo-
TOINGT SLOPOPETIKOV OVOUATOV Y10, SLOPOPETIKES OYECELC.

KaBe kavovag (1 vOprog) mov dely Vel TOV TPOTO avTIoTOl oM G KAOE GTOl-
YELOL VO GLVOLOL G~ £va KAOOPLGUEVO GTOLYELO EVOC GALOL GLVOAOL OVO-
paletat oovaptnan, GOLEMOVO. LE TOV ETOUEVO OPLGHO.

Opropog 1.4. Oswpovpe d0o un keva cuvoro X kot Y. 'Evag kavovag (1 vouog)
pe tov omoio avriotolyiletal og kKabe oTo1yE10 TOL X £VO, KA1 LOVO GTOLYELO
t0V Y Koleltor govaptyon anod 1o cOVolo X 610 cOVOAO Y. Q

Hapaznpyon 1.2.

0) Z& OPIOUEVA GLYYPAUMOTO SIVETAL ) €VY Ui Th|G anetkovions (avTl TG
oLVapToNG), SLUE®VO e Tov Oplopd 1.4, svi og cuvaptnon opiletat
K@Oe aneikovion pe cuvoro Y Tovg wravhotikong aptfuovg R. Ta tnv
ATOPLYT GVYYLONG KO Y10 EVIOIS SHna 0Yia 6T Tapov Piiio n evvola
g ovvaptnong Ba eivar cOpeayn e Tov Opiopo 1.4.

B) ZopEOVa pE TO TPONYOUHEVY Kai MV Tapaypago 1.3, Eva vrochvolo A
TOV KOPTESLAVOL YIVOpEVGH X X Y 800 un kevav cuvorov X, Y KaAeitot
ovvaptnon (1 oOrEKOVIeT), {101 OOTE:

A ={(x,y) € X Y: gdbe x € X aviket og éva Ledyos (x,y)}

LE OTOTERESHO N\ O /o0 0VpE (X, V) € A aviiy = A(X).

O kavovag (1 vopog M akoun kat dwadikacia) wov Ba kabopiler v
AVTIGTOLY10 TV GTOLYEL®V TOL cuvolov X kat Tov Y Oa cvpforiletar pe
"f" ka1 n suvapTnom

F:X = Y:xefx) f X5Ypey=If(x) (1.22)

N amAa y = f(x), av dev vrapyet obyyvon (tpfi. (1.21)).

To ctovyeto x € X kadettor aveapny petafinty kot o y(=f(x)) € Y
eCaptnuévn uetafinty. To eopbTEPO AMO TO LTOGVLVOLE, TOL X Y10, TO, OTTOLM EYEL
EVVOL0. 1] cLVAPTNON KaAeltat medio opiauov (: m.0.) g f (€otm A C X) kot n
ocuvvaptnon cvpPoriletal

f:ACX =Y :x—f(x) (1.23)
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Ioa (tuyoto) x € Atoy = f(x) € Y xadeitar ecova tov (gtoryeiov) x. To
oUVOAO OA®V TOV EIKOVOV

f(A):={y €Y :y=1{(x) yo kdnowo x € A} (1.24)

KoAeltat ezkova M medio Ty ((m.t.) e (ovvaptnong) f.
Avf: X — Y eivar pa cvvaptnon kat Z C Y, 1o chvoro

f1(Z):={xeX:f(x) €Z} C X (1.25)
KaAgltat avtiaTpopn ekova Tov Z peow g f, £1o1 dote

xef1(Z) = f(x) e Z (1.26)

Ot ovvaptnoelg f: X — Y kat g : Z — Q kohovvtat ioeg (Kot Ypaovpe
f = g) t01e, Ko povo tote, av X = Z, Y = Q kot f(x) = g(x) v kabe x € X.
E&allov Oa Agpe 0Tt o1 cuvaptnoelg f kat g goumintovy ato avvolo A C XNZ
TOTE KOl HOVO T0TE, av Y = Q Kot yie Kabe x € A royvet f(x) = g(x).

Avf: X — Y givar o ovovaptnon kot A < 32w cuvaptnon

fla : A=Y :x—(f],)(X) .= fix) (1.27)

KaAetton wepropiauog e f oto A. EEadlov. av X, Y eivat d0o (un kevd) cvvolra,
A CXxkaf: A=Y poovvapmnon, tote 1 ovvapnon £: X — Y kadeitat enérra-
on e fané to A oo X, av f], = £, 3n? w1 ov f(x) = f(x) y10 kibe x € A.

Mua cvvaptnon f: X — ¥V wwderzar aupiuovooquaviy | 1-1, av yio X,
Xy € X pe f(x1) = f(x2) = X; = ¥». i50d0VOU, av SeV LTAPYOLY X1, Xy € X pE
f(x1) = f(x2) (Gpvnon g Tpeayoraevng tpotacnc). Av n feivar 1-1, tote yia
kabey € f(X) A x € Xpefix; = y, dnhadn n feivar avriorpwiun, pe ™ £vvola
ot opiletat pa ovvapenian g . f(X) — Xpe g(y) := x, 1 onola kaAeitat avri-
atpogn e f (copPorika f ), Etor dcte £ 1(f(x)) = x kar f(f1(y)) =y ya
kabe x € X,y € f(X).

Emimhéov, nf: X — Y eivareni tov Y av f(X) =Y.

Mo ovykekppéva, enedn f(X) C Y, yio va eivar n fent apket Y C f(X),
TOL 160JVVOUO onpaivel 0Tt Yo kabe y € Y apket va 3! x € X pe y = f(x).

ALECT] GUVETELD, TOV TPOTYOLUEVMV ELVOL N

Ipotaon 1.1. Av f: X — Y €lval pio apu@iuovosiavn kat ent Tov Y cuvap-
mon, T0TE:

o) 1 f~!elvar apgipovostpavin cuvéptnon tov Y eni tov X.
B) F~H(f(x)) =xywakabe x € X xar f(f~!(y)) =y yia xibe y € Y. Q
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Jlocpccderyper 1.13.

Houvvapmon f: R — Ruef(x) = 2x* — 1 elvar 1-1 kareni tov R, ondte vndpy et n aviictpoen
mef 'R — Rupue

x4+ 1
2 b

2 )

Znueiwon 1.2. Enedn ot cuvaptnoelg 1 avelaptntn petapintm copfori-
Cetat pe X kar 1 EQPTNUEVT HE Y, OTIG OVTIOTPOPES GUVAPTNGELS (AVTLOTPE-
VIL®OV GUVOPTNGEDY) KAVOULLE GALOYT HETAPANTOV OGTE VO £)YOVHE KO £50
aveEaptntn petapinty x. o mopadetypo, n ovvaptnon f: R — R pe
f(x) = x + 1 etvar 1-1 kot eni tov R, omote opilztar 71 R — R, g o-
TOl0G O TOTOG TPOKLMTEL OO TN ADGN TNC 5 = x + | ®g Tpog X. AnAadmn
x=y—1,onotef~!(y) =y — 1. [ va urépyss < 1310g supBoriopog kavou-
He addayn petafintig oty tehevtaia o réan orote f1(x) = x — 1. (npPA.
emtong Mapaderypa 1.13).

x> —1
f(x) =

X1t ovvexela Bempovpe Tig ovvuntiosg f: X — Y x—f yv
Kol g: Y — Z, onote KaAovpe avv eoir v f kar g pia ov-
vaptnon gof &
gof: X —Z:x—(got\(x).=g(f(x)) (1.28) z
2TV TPOKELUEVN TECUITHSIN GUUPBOAKA YPAPOLUE Zynpa 1.3.

g o f ka1 drapalovpe g tov £ ynpo 1.3).

Jlapocderypo 1.14.

Alvovtoiotouvaptioeigf: R — Rpuef(x) = x + lxoig : R — Rpeg(x) = x2. Tote n oOvleon
g tov f (dnA. g o f) elvar pa cuvaptnon:
gof: R— Rpe (gof)(x):=g(f(x)) = (x+ 1) =x> +2x + 1

ALECT] GLVETELD, TOV TPOTYOLHEVMV EVVOLOV ELVAL |

IIpotaon 1.2. Av orcvvaptnosicf: X — Ykat g : Y — Z glvol auiuovoon-
povteg kat ent, toten go f: X — Z (Zynua 1.3) elvat ToNg aUOIULOVOCoTLa-
v kot et ko woyvel (gof) ' =fTog L Q
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Av X glvat €vo pn kevo GOVOAO, 1] GLVAPTNON
idx: X — X :x—idx(x):=x (1.29)

KOAglTal tavtotiky avvaptnon tov X. And tov opiopd ¢ 1 idx elvol pia
apeipovoonuavtn kat et (tov X) cuvaptnon, onote 0pileTal N avIioTPoPn
mg (idx) ' : X — X, 1 omoia 1600tan Tpoeavag pe Ty idy.

'Etor, av f: X — Y £lval pio ap@ipovosipavin Kot nl GuvapTnon Kot
idyx, idy ot tavtotikég cuvapthoelg Tov X, Y avIioTolyme, TOTE 1o LEL:

fof'=idy xo1 f~'of=idy (1.30)
(npPA. ITpotaoceig 1.1, 1.2).

Iapatnpnon 1.3. H évvola piag opu@LovoSTLaVING Kol L0G EXL GLUVAPTNONG

£1VaL SLUPOPETIKEG, POV L0 GLVOPTNOT UTOPEL VL EYEL TN i ATO TIG OO

1010TNTEC Y OPIC BVTO VO GUVETAYETOL OTL £)EL 01 TNV aAAN. Khaoikod nopd-

detypa €lval o1 GuVaPTNGELS TPOBOAES, 01 ome 2 apiloviot wg eENG: AoBEvTog
1

€VOC (TEMEPUGHEVOL) KUPTEGLAVOL YLVOIEVOD il Xi=X; x Xy x...x X,

(npPh. (1.11)), opiloviat ot GuVAPTNOELS =

n
pri:H Xe = XKy Xy e ooy Xp) —
k=1

D0 Ky Xn) T =X (1.31)
OTOV T0 GTOLYEL (X )1 o = (XI,-- -, Xn) TOL KUPTEGLOVOU YLVOHEVOL OVTL-
oTOLYOVV oTNV i-ouvteryyrivn v kabe i =1,...,n. H ovvaptnon (1.31)

n
KaAgitat i-wpofoin Tov 1—[ Xi. T mapaderypa, av R = {x = (x1,%2,X3),

k=1

xi € R, i=1, 2, 3}, t01¢ opilovtat:

n mpden (A 1-) mpoPoid pry : R — R x = (x1,%,X3) = pri(x) = X,

1 Be0tepn (7 2-) mpopoii pra : R — R+ x = (x1,%0,%5) - prafx) = 52
kot Tpitn (M 3-) Tpofoln pr; : R'-SR:x= (X1,X2,X3) — pr3(X) = X3.

'Onwc evkola propel va det kamorog  cvvaptnomn (1.31),i-tpofoln, elvat
eNL AALO OY1 TAVTOTE AUPILOVOCTILAVTY).
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2vupoliopos. Oempodpe 1o abpowcpe 1 +2+3+4+ 5+ 6. Kabe 0pog tov
abpoloHOTOC ELVAL TNG LOPPTIG K E K QUOTKO aptOpo amod 1 ueypt 6. To v AOY®
abporopa ypapetat pe t Ponbdeta Tov cupPforov Y ©g

6
ZK 1+2+3+44+5+6

7§

Me 1oV 1010 TPOTO YPAPOLE, Y10, TAPUIELY LML,

5
Yo =1 422434445

k=1

25:(—1)'(~2K:(—I)O-Z-O-I-(—l)l~2-1+(—1)2~2~2+(—1)3~2~3—|—
k=0

+ (-2 44 (=1 2.5=—2+42-2--2:3+2-4-2.5
5
Y k+1) =020+ + 2141 +2-241)+(2-3+ 1)+
k=0

F2 A4+ +Q2-54+1D =204 14+2+34+445)+
5 5

5
+4l+1+1+1+‘+d):2§:x+§:1:2§:K+6
k=0

k=0 k=0

I (I I
L——1+ +t3t3+ts3

— K 45
CevikOtepa, 0V 04, 0y, . . . , Oy ELVOL Tpaypatikol apibuol, T1ote
n
ZaK:a1+a2+...+an (1.32)
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Aokroeig

1. Av A, B, T &lvat vmochvora evog cuvorov X, va detyBobv o1 ENOUEVEG TPOTACELS:
)ANnBUT)=(ANB)U(ANT)
i) AUBNT)=(AuB)N(AUTI)
iii) (AUB)-T=(A-T)U(B-T)
iv) ( ANB)-T=(A-T)Nn(B-T)
VVAN(AUB)=AkatAUANB)=A
vi) (AUB)" =A°NB°

vii) (ANB)° = A°UB¢
viil) ¢ = X ko X¢ = F
X) AN =@k ANX=A
) AU =Axan AUX =X

} (EMPEPLOTIKOL VOLOL)

} (tvmor De Morgan)

2. T 10 KapTes1avo YIVOUEVO GUVOAMV Va delyH0LV Gi STOUEVEG TPOTACELS:
i) T dvo oovora X, Y eqoope X x Y = < X =nY =
i) AvXxY#J101eACX, BCYSAXxICXXY
iii) T'a ta suvora A, B, X, Y 1oy bovv:

(AxX)U(B:X):=(AUB) x X
(AxX)NBx Y =(ANB) x (XNY)
V) AvX)Y # Z,10te X x Y=V xX&X=Y

non petagd dvo cuvolwv X, Y, yia dvo cuvora A, B C X

3. Avf: X — Y elvat pia covaet
Loy VEL:
i) f(AUB) =f(A)Uf(B)
ii) f(ANB) C f(A) Nf(B)

4. Avf:X — Y eivar po ovvaptnon petagd dvo cuvorov X, Y kat A, B C Y, 101€ y1o. tnVv
=1 1oybovy o1 emOEVEC TPOTUGELC:
D) FI(AUB) = 1(A)Uf | (B)
i) F'(ANB) =f1(A)nf(B)
i) £-1(A%) = (£ (A))°
iv) -'(A —=B) =f'(A) — f-1(B)
v) ACB=f!(A) Cf(B)
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. No d¢1&ete 0TL T0 GLVOLO TOV PNTOV 0PLOU®V EIVOL APLOUN GO,

. Avotovvaptnoeicf: A — Bkorg: I' — A glval ou@iuovospavieg (avTioT. auQLuovo-
OTNUOVTEG KOL €TTL), TOTE 1] GLVAPTNON
fxg:AxT = BxA:(xy)— ([xg)xy) = (f(x),gx))
ELVOL ETLONG OUPILOVOCTLOVTT (0VTIOT. OUOLLOVOCTLOVTT KO ETL).
. Tw ta obvora A, B pe (& #) A C B, va anodeiéete ot

i) Av 1o Y €lval aveo epaypevo, tote sup X < sup Y.
i) Av 1o Y gival katm @payuevo, tote inf X > inf Y.

. Av A, B elvar un keva vroovvoro tov R xat vrapyovv ta sup A, sup B (avtiot. inf A,
inf B), t0te va deiybel 01t woyvovv ot oyéoelg sup(A + B) =sup A + sup B (avtior.
inf(A + B) =inf A +infB), onrovA+B:={a+p: = € A,p € B}.
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